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ABSTRACT

A novel measurement method for local wall shear stress
is proposed for the measurement in a high Reynolds num-
ber flow. The method utilizes the light interference created
by a Fresnel’s biprism. The biprism method can be applied
to the flow where a conventional slit-type method can not
be applied. In this paper, we propose two types of opti-
cal configurations for the biprism sensor. The principle is
investigated with respect to the light interference and the
measurement volume. The interference patterns created by
the two types of configurations are calculated by electro-
magnetic theory. The results show the interference pattern
created by the proposed configurations is not suitable for
the local wall shear stress measurement. Considerations are
required before the method is applied to the measurement
in a flow.

INTRODUCTION

Wall shear stress is one of the important parameters for
understanding the wall bounded flows. It is related to skin
friction, separation and scaling of flow near the wall. In tur-
bulent flows, the fluctuating local wall shear stress indicates
the process related to the unsteady momentum transfer to
the wall while the time-averaged mean wall shear stress indi-
cates the global state of the flow over a surface (Haritonidis,
1989). In order to elucidate the near-wall structure of tur-
bulent flows, it is necessary to obtain the information of
fluctuating wall shear stress with a sufficient temporal and
spatial resolution.

Measurement method for the fluctuating wall shear stress
is restricted while there have been many measurement meth-
ods for wall shear stress. Sensors based on the micro-
electro-mechanical-systems can be fabricated aiming at the
measurement with a high temporal and spatial resolution
(Padmanabhan et al., 1996, Lofdahl and Gad-el-Hak, 1999,
Chandrasekaran et al., 2001). However they need calibration
which affects the accuracy of the measurement (Haritoni-
dis, 1989). Another method to measure the fluctuating wall
shear stress is to measure the instantaneous velocity gradi-
ent near the wall using a hot-wire anemometer or a laser
Doppler anemometer (Alfredsson et al., 1988, Durst et al.,
1995). The method is affected by the uncertainty of the lo-
cation of measurement volume with respect to the wall and
the steep velocity gradient within the measurement volume
while some solutions have been proposed (Durst et al., 1998,

Czarske et al., 2002).

Naqwi and Reynolds (1984, 1991) proposed an optical
measurement method for local wall shear stress by extending
the laser Doppler technique. They utilized two optical slits
formed on the wall to create a fan-like interference pattern to
measure the wall shear stress. Using the slits method, sev-
eral measurements have been conducted in turbulent flows.
Naqwi and Renyolds (1991), Millerd et al. (1996) and Obi
et al. (1996) obtained good agreement with the result of
direct numerical simulations of low Reynolds number turbu-
lent flow. On the other hand, Sun (1987) and Sun and Qe
(1991) utilize Fresnel’s biprism to create fan-like interference
pattern. They confirmed the capability of the method in a
laminar boundary layer of a flow.

Though the frequency shift technique can not be used,
biprism configuration is capable of applying the method to
high Reynolds number flows where a sensor of slit configu-
ration can not be applied. In contrast, the slit configuration
has an advantage of using frequency shift to detect the flow
direction. The optical alignment for the biprism configura-
tion is considered not to be difficult compared with the slit
configuration.

In this study, the feasibility of the methods using Fres-
nel’s biprism is investigated. We propose two types of config-
urations aiming at the application to high Reynolds number
flows. The principle and the measurement volume of the
method is introduced by electromagnetic theory. Then the
interference patterns created by the two types of configura-
tions are calculated as the intensity of electric field. The
spacings of the interference fringes are extracted and the
possibility of applying the sensor to a high Reynolds num-
ber flow is discussed.

PRINCIPLE

Interference by Biprism

The interference created by a biprism is explained by
electromagnetic theory. Fresnel’s biprism is one of the de-
vices to create interference pattern like Young’s interference
(Born and Wolf, 1999, Hecht, 2002). The prism consists of
two equal prisms of small refracting angle joined together at
their bases (Fig. 1).

The axis z and y is taken to the spanwise direction of
the prism and the incident direction of light. We treat the
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Figure 1: Axes and the geometry of the biprism

system two-dimensionally in the following if the prism is
uniform in the depth direction.

A divergent light is incident into a biprism from flat side
of the prism as shown in Fig. 1. The biprism has half the
vertex angle of 8. The incident light is divided into two
components when they reach at the second surface of the
prism. The divided lights interfere after emanating from the
prism.

The interference pattern created by a biprism is consid-
ered by the superposition of electric field based on electro-
magnetic theory. The interference is created by the upper
side (z < 0) and the lower side (z > 0) of incident light
(Fig. 2). If the incident light is polarized perpendicular to
the z-y plane, the electric fields are described by

Eyp =Erexp {jlwt—ki(—zsinag+ycosaa)+¢14]}, (1)
E)p=Erexp {jlwt—ki( zsinap+ycosag)+oiBl}, (2)

where E and ¢ denote the amplitude and the phase of the
electric fields. w, t, j and a are used for the angular fre-
quency of light, time, the imaginary unit and the incident
angle at the first surface, respectively. The subscript A, B,
1 denote the quantity related to the upper side (z < 0), the
lower side (z > 0) and the first medium, respectively. k; is
the wavenumber in the first medium as defined by

2rny
k1 = s 3
1= ®)
where A and n are the wavelength of the light and the refrac-
tive index, respectively. Each of the incident light refracts
at the first surface of incidence at x=L. The boundary con-

ditions of electric fields at the first surface give the relations

nisinas =ngsin G4, (4)

n1sinapg =ngsin g, (®)

where the subscript 2 indicates the quantity related to the
second medium (biprism) and 8 is the refraction angle at
the first surface. The boundary condition of the phase at
the intersection point P of the first surface follows

24 IPA =d¢14 IPA , (6)
¢2B |PB =¢1B 'PB , (7

which indicate the continuity of phase at the first surface.
Then the electric fields in the second medium are written by

Epp = Ep exp {jlwt—ka(~sinfa+ycos fa)+¢24l}, (8)
Ezp = E exp {jlwt—ka( zsinfp+ycos p)+415]}, (9)

Figure 2: Rays of light propagating in the biprism

where k» is the wavenumber in the second medium as defined

by 0
TN
ky = . 10
2= 23 (10)
The boundary conditions at the second surface give the re-

lation for refraction

ngsiny4 =nasindy4, (11)

ngsinyg =n3sinédp, (12)

where v and § denote the incident angle and the refraction
angle at the second surface. The subscript 3 is used for the
quantity related to the third medium. B and 7 have the
relationships as

Ba+va+0=7, (13)

EEYE]

B+ +0=7. (14)

The boundary condition of the phase at the intersection
point Q of the second surface follows
= 15
¢3A|QA ¢2A|QA1 (15)
= 16
$3B IQB $2B |QB’ (16)
which indicate the continuity of phase at the second surface.

The electric fields of the refracted lights in the third medium
are described as

E3a = Esexp {jlwt—k3( zsin{a+ycosla)+d3al}, (17)
E3p = Bz exp {jlwt—ka(~zsin(p+ycos(p)+¢spl}, (18)
where ( is the angle with respect to the y-axis as shown in

Fig. 2. k3 is the wavenumber in the third medium as defined
by

2nn3
=2 (19)
The angles é and ¢ have the relationships as
n
ba—Catb=7, (20)
n
dp—¢p+0=73. (21)

The lights refracted at the second surface interfere and
the energy density of the superposed electric field in the
interference region is given by

¥ =c3(E3a+Esp)
= 4¢3 F3? cos® xa cos? xp, v (22)
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where €3 is the permittivity of the third medium. The first
cosine term in the above equation denotes the amplitude and
the second cosine term oscillates with time,

ks (zsin{4+ycos(4)—(zsinp+ycos(p)

Xa = 2
+ ¢3A;¢SB , (23)
X = wi—ks (~zsin (a4ycos(4)+(—xsing+ycoslp)
2
n ¢3A';¢’3B . (24)

Time-averaging the energy density over one period yields
the intensity (irradiance) of the electromagnetic field (Hecht,
2002, Albrecht et al., 2002),

I = ce3E32 [1+ cos 2xa] (25)

where ¢ is the speed of light in the third medium. The
interference pattern is created by bright and dark fringes.
The bright fringes are created when the cosine function takes
local maximum value in the Eq.(25),

Xo =mm, (m=0,%1,%2,...). (26)

We treat two types of sensors in this paper as depicted
in Fig. 3. Type I sensor utilizes an ordinary biprism and
type II sensor utilize an ordinary prism with additional two
sub-prisms so that the sensor head can be mounted flush to
the wall. Type I sensor seems to affect the flow by its convex
sharp angle of vertex at a glance. But the vertex angle is not
considered to seriously affect the flow if a small biprism is
used. The electric field of the type II sensor is calculated by
a straight forward manner as the above procedures except
for the additional refraction caused by the sub-prisms. If
the refractive index of the sub-prisms are matched to that
of the working fluid, the electric field of type II sensor is
almost identical to that of the type I sensor.

Doppler Frequency and Wall Shear Stress

A fringe model is used to consider the Doppler frequency.
We set flow axis X and Y as mean flow direction and the
wall-normal direction, respectively. The Doppler frequency
fa is described by
U
E?
where U and d denote the velocity of tracer particle in the X-
direction and the spacing of the interference fringes in the X-
direction created by the biprism, respectively (Fig. 3). When
the measurement volume is within the viscous sublayer, the
mean velocity of a tracer particle becomes a linear function
of the height from the wall,

fa= (27)

U=y, (28)
13

where 7y, is the wall shear stress and u is the viscosity of
fluid. If the fringe spacing becomes a linear function of Y,

d=GY, (29)

the wall shear stress is directly determined by the Doppler
frequency irrespective to the height of a tracer particle pass-
ing through the measurement volume,

Tw = pGfg. (30)
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Figure 3: T'wo types of configurations of biprism sensor

Measurement Volume

The measurement volume is defined by the two factors,
i.e., the interference region and the region observed by the
receiving optics. As the latter depends on the optics used
in each sensor system, we only consider the former in the
paper.

For simplicity, the interference pattern is considered only
for type I sensor here. The interference region is formed by
the two refracted lights and the edge of the region can be
found by considering the limit of incident angle. As setting
a close to be zero, 3 becomes close to zero (Eqs.(4) and (5))
and v becomes close to (% — 8) (Eqs.(20) and (21)). Then
the Eqgs.(11) and (12) give the limiting path of lights (Fig. 4).
Here it can be noticed that the interference pattern can not
be created if the total reflection occurs at the second surface.
It is important to set the interference region as close to the
wall as possible in order to conduct a measurement in a high
Reynolds number flow. Because the thickness of the viscous
sublayer becomes thinner as the Reynolds number increases
while the principle is only valid in the viscous sublayer. In
order to avoid the total reflection at the second surface, the
following condition must be satisfied for the biprism,

6> cos™? (ﬂ) . (31)
na

If the Eq.(31) is not met, the interference pattern can not
be created. The equality in the Eq.(31) gives critical value
of 8. Typical critical value of 8 becomes 8.,;¢;cq; = 48° when
the biprism is made of BK7 (n2=1.51) and the fluid is air
(n3=1.0).

The interference occurs just from the vertex of the
biprism (Y'=0 in Fig. 3). But the bound of the interference
region is restricted by the refraction at the second surface.
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Figure 4: Ray of light in the biprism near the condition of
total reflection

The bound is determined by considering the limit of the in-
cident angle similar to the above. The interference region

becomes

y>—1 x| (32)

- tanc|c«——>0

The interference region of the type II sensor can also be
obtained with a similar way by setting the incident angle
close to zero.

CALCULATION PROCEDURE

The calculation procedure for the interference pattern is
described. We calculate the distribution of the intensity of
the electric field by tracing the ray of light emanating from
the source.

At first, a point (X,Y’) to be calculated the intensity is
set and the diverging angle « is changed moderately. Once o
is selected, the path of light is determined by the boundary
conditions of refractions at the prism surfaces explained in
the principle. If the light passes through the point consid-
ered, « for the point is determined. Otherwise, another a is
the next candidate for the point. The appropriate a for a
point is determined by choosing the most likely o with which
light passes through the point. By repeating the above pro-
cedure for the entire points of calculation, all the a for the
points is determined for the light from the upper half and
lower half of the biprism. Then the electric field of each point
is calculated with the determined « and hence the intensity
of the electric field is calculated by the equations described
in the principle. The calculation is conducted for the region
of X>0 and Y >0 as the optical geometry is symmetrical
with respect to the Y-axis. In the present work, the decay
of the amplitude of light is not considered though the inten-
sity of light decays inversely as the distance from the light
source.

RESULTS

Interference Pattern
The interference patterns created by the two optical con-
figurations of biprism sensors were investigated. The inten-
sity of the electric fields for the incident light was calculated
in the region where the refracted lights exist. The refractive
" index of optical glass ranges from 1.4 to 1.9 (Sumita Optical
Glass Inc., 2002). The combination of quantities used for
the calculation is listed in Table 1. The first and the last

Table 1: Refractive indices used for the calculation

Typel Typell

ni 1.00 1.00
n 1.51 1.89
n3 1.00 1.43
ng - 1.00

10

Xl 4 0

Figure 5: The distribution of the light intensity for the type
I sensor (The intensity increases form black to white.)

o

2
X fumy 3 4 0

Figure 6: The distribution of the light intensity for the type
II sensor (The intensity increases form black to white.)

medium for both types of sensors were air which is same for
the working fluid considered. The wavelength of the incident
light was A=670 nm. Half the vertex angle of the biprism
was chosen so that it becomes critical angle for the Eq.(31).
L=10 mm and H=5 mm were used for the distance from the
light source to the the first surface and the thickness of the
biprism.

The interference pattern calculated for the two configu-
rations are shown in Fig. 5 and Fig. 6. The intensities were
normalized so that the maximum intensity becomes unity.
Bright and dark patterns diverging into Y-direction can be
seen in the interference pattern. The white portion in the
figures indicates the higher intensity of electric field that
corresponds to the bright region of the interference and the
black portion indicates the opposite which corresponds to
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Figure 7: The fringe pattern created by the type I sensor
(The dots show the bright points of the interference pattern.)

the dark region of the interference.

The interferences begin to occur just above from the wall
(Y = 0) as expected for both types of sensors. However the
fringes are not fan-like shape which is suitable for the local
wall shear stress measurement. The interference pattern of
the type I sensor (Fig. 5) is nearly parallel but is slightly
diverges in the Y-direction. The interference pattern of the
type II sensor (Fig. 6) is similar to that of the type I sensor
but the density of the pattern is higher than that of the type
I sensor in the same size of the area. The lower bound of
the measurement volume of the type II sensor is lower than
that of the type I sensor because of the additional refraction
by the sub-prisms of the type II sensor.

Fringe Spacing

In order to obtain the spacings of the interference fringes
respect to the height from the wall, the bright lines were
extracted from the interference pattern. The bright lines
are plotted as groups of bright points in Fig. 7 and Fig. 8.
The points whose intensity of electric field are larger than
90 % of the maximum intensity were extracted as the bright
points. While it was expected that the interference patterns
become fan-like shapes and the fringe spacings linearly in-
crease with increasing Y from the wall, the spacings have
offsets at the wall. The interference pattern created by the
present configurations of biprism sensor is not preferable to
the measurement of local wall shear stress.

DISCUSSION

The interferences begin to occur just from the wall sur-
face as expected for both types of the configurations. How-
ever, the interference patterns are not preferable to the local
wall shear stress measurement because the fringe spacings
have offsets at the wall surface for both types of sensors.
The reason for the offset is found by considering the virtual
sources of refracted lights. Each of the lights refracted at the
second (third for the type II sensor) surface of the biprism
has a virtual source before incident into the biprism as shown
in Fig. 9. The interference created by the biprism is equiv-
alent to the interference pattern created by the diffracted
lights from two slits located at the virtual sources. The
interference pattern created by two slits becomes fan-like
shape, which diverges from the plane where the slits are lo-
cated. Therefore the offset at the wall can be reduced by
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Figure 8: The fringe pattern created by the type II sensor
(The dots show the bright points of the interference pattern.)

Virtual Sources

Interference Region

Real Source

X

Figure 9: The equivalent virtual sources of the refracted
lights of a biprism

decreasing the distance L and the thickness H so that the
virtual sources approach to the wall.

The interference patterns created by smaller L and H
are depicted in Fig. 10 and Fig. 11. The values used for the
calculation is the same as the previous section except for
setting L=1 mm and H=0.5 mm. The offsets of the fringe
spacings of both types of configurations are reduced and the
fringe patterns approach to fan-like shapes. The offsets of
the fringe spacings can be reduced if the micro fabrication
of optics is available.

CONCLUDING REMARKS

An optical method for the measurement of local wall
shear stress was proposed. The method utilizes a Fresnel’s
biprism to create light interference pattern near the wall. It
was aimed for the application to high Reynolds number flows
where a sensor of slit type configuration can not be applied.

We proposed two types configurations of sensors in this
paper and investigated the principle and the measurement
volume. The interference patterns created by the configu-
rations are calculated by electromagnetic theory. The in-
terference pattern were created just above from the wall as
expected. However the resulting interference pattern were
not suitable for the local wall shear stress measurement be-
cause of the offsets of fringe spacings at the wall surface. The
offsets can be reduced by decreasing the incidence distance
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Figure 10: The interference pattern created by the type
I sensor with smaller L and H with respect to the Fig.5
(L=1 mm, H=0.5 mm)
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Figure 11: The interference pattern created by the type
II sensor with smaller L and H with respect to the Fig.6
(L=1 mm, H=0.5 mm)

from the light source to the biprism and the thickness of the
biprism. Considerations are required before the method is
applied to the measurement in a flow.
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