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ABSTRACT

Direct numerical simulations are performed
in order to investigate the turbulence evolution
in stratified shear flow. Two different types of
shear flows are compared. In the first flow,
the magnitude of the mean velocity varies lin-
early in the vertical direction and the shear
rate is constant. This flow has been studied
in many previous investigations. In the sec-
ond flow, the mean velocity describes a spiral.
Here, the magnitude of the mean velocity is
fixed but its direction varies in the vertical di-
rection. The shear rate of this flow is also con-
stant in the vertical direction. In both flows, a
stable vertical density stratification is present.
The Richardson number is varied from Ri =0
to Ri = 1. The length of the vertical veloc-
ity spiral introduces a length scale that is not
present in the linear velocity profile simula-
tions. As long as the scale of the turbulent
motion remains small compared to the length
of the velocity spiral, the turbulent kinetic en-
ergy shows a similar evolution for both shear
flows. Similarity is observed initially in all sim-
ulations, and throughout the simulations in the
strongly stratified cases.

INTRODUCTION

Shear and stratification are ubiquitous fea-
tures of turbulent flow in the geophysical envi-
ronment (Caldwell 1987; Caldwell and Moum
1995). The prototypical example of stratified
shear flow with uniform shear and uniform
stratification has been studied extensively in
the past. In this flow, the magnitude of the
mean velocity varies in the vertical direction:

U:SMZ (1)
V=W=0 (2)
0 = —opZ (3)

Also, the mean density varies linearly in the
vertical direction. The shear rate Sy; and the
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stratification rate S, are constant. A sketch of
the mean velocity variation of this flow is given
in figure 1. In the following, this type of shear
flow with a variation of the mean velocity mag-
nitude in the vertical direction will be referred
to as the linear velocity profile case.

Using energy considerations, Richardson
(1920) and Taylor (1931) established the
Richardson number Ri = N?/S? as the pri-
mary parameter to describe the stability of

stratified shear flow. Here, N = /—9S,/po

is the Brunt-Vaiisild frequency and S is the
shear rate. Miles (1961) and Howard (1961)
showed that the flow is stable for R > 1/4
using linear inviscid stability analysis. Strat-
ified shear flow has been investigated further,
both experimentally (Komori, Ueda, Ogino &
Mizushina 1983; Rohr, Itsweire, Helland & Van
Atta 1988; Piccirillo & Van Atta 1997), as well
as numerically (Gerz, Schumann & Elghobashi
1989; Holt, Koseff & Ferziger 1992; Itsweire,
Koseft, Briggs and Ferziger 1993; Kaltenbach,
Gerz and Schumann 1994; Jacobitz, Sarkar &
Van Atta 1997; Jacobitz 2000).

Vertical shear present in geophysical flow
can be due to a variation of the magnitude of
the mean velocity, as well as a variation of the
direction of the mean velocity. An important
example for such a flow is the Ekman layer in
the ocean (see for example Pedlosky 1986):

U="Us(l—exp(~F)cos(3) (4
V= U exp(—g)sin(g) (5)

Here, 6 = 1/(2a/f) is the Ekman layer thick-
ness, a the vertical transport coefficient, and
f = 2wsin () the local component of the plan-
etary vorticity normal to the earth’s surface
(Coriolis parameter). In the Ekman layer, the
magnitude as well as the direction of the mean
velocity change in the vertical direction.

This .contribution considers a different pro-



Figure 1: Sketch of the mean flow of the linear velocity
profile case. The magnitude of the mean velocity varies in
the vertical direction, but the direction of the mean velocity
is fixed.
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Figure 2: Sketch of the mean flow of the velocity spiral case.
The direction of the mean velocity varies in the vertical di-
rection, but the magnitude of the mean velocity is fixed.
totypical example of stratified shear flow, in
which the magnitude of the mean velocity re-
mains constant but its direction is varied:

U = Uy cos(k,z) (6)
V = Upsin(k,z) (7
W =0 (8)

Q0 = —0Op2 (9)

In this flow, the mean velocity describes a
spiral of length L, = 2w/k, in the vertical
direction as sketched in figure 2. The total
shear rate of this flow Sp = kUj is constant in
the vertical direction. The mean density varies

linearly in the vertical direction and the strati-
fication rate S, is constant. This type of shear
flow with a variation of the mean velocity di-
rection will be referred to as the velocity spiral
case.

The two prototypes with a variation of the
mean velocity magnitude and with a variation
of the mean velocity direction are compared in
this study to obtain a more complete under-
standing of turbulence in stratified shear flow.

NUMERICAL APPROACH

The direct numerical simulations presented
in this study are based on the continuity
equation for an incompressible fluid, the un-
steady three-dimensional Navier-Stokes equa-
tion in the Boussinesq approximation, and an
advection-diffusion equation for the density.
In the direct numerical approach, all dynam-
ically important scales of the velocity and den-
sity fields are resolved. A spectral collocation
method is used for the spatial discretization
and the solution is advanced in time with a
fourth-order Runge-Kutta scheme.

The initial turbulence fields are taken from
a simulation of isotropic turbulence without
density fluctuations. The initial value of the
Taylor-microscale Reynolds number Rey = 35
is fixed and values up to Rey = 75 are ob-
tained in the simulations. The initial value of
the shear number SK/e = 2 is also matched.
The shear number assumes a value of about
SK/e = 6 in all simulations. Here S refers to
the shear rate Sy, of the linear velocity profile
case or Sp of the velocity spiral case. The sim-
ulations are performed on a parallel computer
using a grid with up to 160 x 160 x 160 points.

The shear rates Sps of the linear velocity
profile simulations and Sp = kUjy of the ve-
locity spiral simulations are constant in the
vertical direction. The mean velocity profile of
the linear velocity profile simulations is fixed
in time. Therefore, the shear rate Sy, remains
constant in these simulations. However, the
turbulent fluctuations can interact with the
mean velocity profile in the velocity spiral sim-
ulations. Therefore, the shear rate Sp will
decay as these simulations advance in time.

RESULTS

In this section, the results of three series
of simulations are presented. In the first two
series, the spiral length L, is varied for un-
stratified (Ri = 0) and stratified (R: = 0.1)
cases. In the last series, the spiral length is
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Figure 3: Evolution of the turbulent kinetic energy K for
unstratified shear flow (R: = 0) The solid line represents the
linear velocity profile case and the dashed lines represent
velocity spiral simulations.

Figure 4: Decay of the mean velocity profile for an unstrat-
ified velocity spiral simulation with Ri =0 and k, = 2.
fixed (L, = 1) and the Richardson number is
varied from Ri = 0 to Ri = 1. The velocity
spiral simulations are compared to simulations
with a linear velocity profile.

Unstratified Simulations

In this section, the results from a series of
unstratified simulations are presented. Figure
3 shows the evolution of the turbulent kinetic
energy K = W;u;/2 with non-dimensional time
St. The solid line represents the evolution of K
from a simulation with a linear velocity profile.
Initially, the turbulent kinetic energy decreases
due to the isotropic initial conditions until the
shear production develops at about St = 2.
Then, the turbulent kinetic energy grows expo-
nentially. The exponential growth is possible
in the simulation as there is no interaction be-
tween the turbulent fluctuations and the mean
flow. A discussion of the energetics of this flow
can be found in Jacobitz et al. (1997).

The dashed lines represent velocity spiral
simulations with wavenumbers k& = 1, k = 2,
and £ = 4. Initially, a remarkably similar
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evolution of the turbulent kinetic energy K
compared to the simulation with a linear ve-
locity profile (solid line) is obtained. For the
simulation with k¥ = 1 the similarity lasts to
about St = 6. However, for the larger values
k = 2 and k = 4, the similarity ends at about
St = 3 and St = 2, respectively.

The spiral length L, = 27 /k, introduces an
additional length scale in the velocity spiral
simulations that is not present in the simu-
lations with a mean velocity magnitude vari-
ation. Similarity between the two cases is
obtained as long as the integral scale of the
motion is small compared to the spiral length
L,. Since the spiral length L, is increased as
the wavenumber k, is decreased, the similarity
between the two cases last longer for simula-
tions with small values of the wavenumber k,.

In the velocity spiral simulations, the tur-
bulent fluctuations are allowed to interact with
the mean velocity. The evolution of the mean
velocity profiles with non-dimensional time St
are shown in figure 4 for a simulation with
k, = 2. As time increases, the turbulent fluc-
tuations extract energy from the mean flow.
This extraction decreases the mean shear rate
and the turbulence production. All simulations
are started with the same fluctuation intensity
g = V2K. Also, all simulations have the same
initial shear rate Sp = kUy. Therefore, the
ratio ¢/Up increases as k, is increased. This
results in an earlier decrease of the mean shear
and a slower turbulent kinetic energy growth
with increasing k.

Stratified Simulations

In this section the results from a series
of stratified simulations are presented. The
Richardson number Ri = 0.1 is matched in all
simulations. Figure 5 shows the evolution of
the turbulent kinetic energy as a function of
non-dimensional time St. The solid line cor-
responds to a simulations with a linear mean
velocity profile. Compared to the unstratified
case in figure 3, the growth of the turbulent
kinetic energy is inhibited here due to the pres-
ence of stratification.

The dashed lines show the turbulent kinetic
energy K of stratified velocity spiral simula-
tions with k, = 1, k, = 2, and k, = 4. The
results of the stratified cases are qualitatively
similar to the results of the unstratified cases
shown in figure 3. Again, an initially close sim-
ilarity between the two shear flows is obtained,
in particular for the small wavenumber simu-
lation with &k, = 1.
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Figure 5: Evolution of the turbulent kinetic energy K for
stratified shear flow (Ri = 0.1) The solid line represents the
linear velocity profile case and the dashed lines represent
velocity spiral simulations.
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Figure 6: Decay of the mean velocity profile for a stratified
velocity spiral simulation with Ri = 0.1 and k, = 2.

The decay of the mean velocity for a strat-
ified velocity spiral simulation with wavenum-
ber k, = 2 is shown in figure 6. Again a quali-
tatively similar decay is observed compared to
the unstratified simulation shown in figure 4.

Richardson Number Variation

In this section, the results of a variation of
the Richardson number R: are presented. The
value of the Richardson number is varied from
Ri = 0 (corresponding to unstratified flow) to
Ri = 1 (corresponding to strongly stratified
flow) for simulations with a linear velocity pro-
file and for velocity spiral simulations with a
wavenumber k, = 1.

Figure 7 shows the evolution of the turbu-
lent kinetic energy K with non-dimensional
time St. All simulations show an initial decay
of K due to the isotropic initial conditions.

The solid lines represent the turbulent ki-
netic energy K of simulations with a vertical
linear velocity profile. The weakly stratified
cases with Ri < 0.1 show growth of K and
the strongly stratified cases with Ri > 0.1

show decay of K. For the critical value of the
Richardson number Ri, = 0.1, an approxi-
mately constant evolution of the turbulent ki-
netic energy is obtained.

The dashed lines represent the turbulent ki-
netic energy K of velocity spiral simulations.
The wavenumber k, = 1 is fixed in this series
of simulations. For a given Richardson num-
ber Ri, the evolution of K is again remarkably
similar for cases of both series of simulations.
The similarity lasts up to a non-dimensional
time of about St = 6 for the unstratified
and weakly stratified cases. For the strongly
stratified cases with Ri = 0.5 and Ri = 1
the similarity is qualitatively different. In the
strongly stratified cases, the similarity is pre-
served throughout the simulations.

The decay of the mean velocity profiles of
U and V of the velocity spiral simulations
is shown in figure 8. The figure shows the
mean velocity profile of the initial data at non-
dimensional time St = 0 as well as the profiles
at non-dimensional time St = 8 for three sim-
ulations with R: = 0, Ri = 0.1, and Ri = 0.5.
The strength of the decay decreases with in-
creasing Richardson number Ri. The strongly
stratified simulations therefore show the closest
similarity with the velocity magnitude varia-
tion simulations that have fixed mean velocity
profiles.

Another explanation for the close similar-
ity of the large Richardson number cases can
be given by a consideration of vertical length
scales. Figure 9 shows the dependence of the
Ellison scale Lg = p/S, on the Richardson
number Ri at non-dimensional time St = 8.
The Ellison scale is a measure for the size of
vertical density overturns. It is compared to
the Ozmidov scale Lo = /¢/N3 that gives an
upper bound for the size of turbulent overturns
in stratified flow. For Richardson numbers
Ri < 0.2, the Ozmidov scale Lo is larger than
the Ellison scale Lg and density overturns are
not strongly affected by stratification. How-
ever, for Ri > 0.2, the Ozmidov scale and the
Ellison scale are of comparable size. Here, the
size of vertical density overturns is restricted
by the Ozmidov scale.

In the velocity spiral simulations, the ver-
tical scale of the flow is therefore restricted
by stratification for large Richardson numbers.
The vertical scale of the flow always remains
small compared to the length of the velocity
spiral. Therefore, the close similarity between
the linear velocity profile simulations and the
velocity spiral simulations observed in the large
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Figure 7: Evolution of the turbulent kinetic energy K for
linear velocity profile simulations (solid lines) and velocity
spiral simulations (dashed lines). The Richardson number
is varied from Ri = 0 to Ri = 1. The wavenumber k, =1 is
fixed in the velocity spiral simulations.
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Figure 8: Decay of the mean velocity profiles of U and V.
The figure shows the initial mean velocity profiles at St = 0
(largest amplitude) and the mean velocity profiles at St = 8
for simulations with Ri = 0.5, Ri = 0.1, and Ri = 0 (with
decreasing amplitude).

Richardson number cases lasts throughout the
simulations.

SUMMARY

Direct numerical simulations of turbulent
stratified shear flow have been performed. Two
different types of shear flows are compared.
The first type has a linear velocity profile. In
this flow, the magnitude of the mean velocity
varies in the vertical direction, but the direc-
tion of the flow remains constant. This flow
has been studied extensively in the past. The
second type has a velocity spiral. In this flow,
the magnitude of the mean velocity is constant,
but the direction is varied in the vertical.

Similar results are obtained for both types
of shear flows. The growth of the turbulent
kinetic energy weakens as the Richardson num-
ber Ri is increased. The similarity of the
evolution of K between the two cases was
found to increase (1) for simulations with small
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Dependence of the Ellison scale Lgr and the

Figure 9:
Ozmidov scale Lo on the Richardson number R: at non-
dimensional time St = 8. The solid lines correspond to sim-
ulations with a linear mean velocity profile and the dashed
lines correspond to velocity spiral simulations.

wavenumbers k, and (2) for simulations with
large Richardson numbers Ri.

For simulations with smaller wavenumbers
k, and therefore larger spiral lengths L,, the
vertical scale of the turbulent motion remains
small compared to L, for a longer time of the
simulations. Therefore the similarity between
the two cases is increased.

For simulations with larger Richardson
numbers Ri and therefore stronger stratifica-
tion, the vertical scale of turbulent density
overturns is restricted by the Ozmidov scale.
The vertical scale of the motion always remains
small compared to the spiral length and strong
similarity between the two cases is observed
throughout the simulations.
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