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ABSTRACT

In this paper, to assess the existing statisti-
cal models, we use our direct numerical simu-
lation (DNS) data for the two-phase situations
of homogeneous shear and plane strain incom-
pressible turbulent flows laden with spherical
particles. Two statistical models derived in
the framework of kinetic or probability den-
sity function (pdf) approach by Reeks (1991,
1992, 1993) and Zaichik (1999) are considered
for the purpose of assessment. The closed set
of equations for statistical average quantities
of interest for particles are presented for these
models in case of homogeneous plane strain
flow. Their predictions along with the mod-
els predictions in case of homogeneous shear
flows are compared with the DNS data.

INTRODUCTION

The accurate analytical description of dis-
persion of solid particles and liquid droplets
(the dispersed phase) in turbulent fluid flows
(the carrier phase) imposes many challenges
mainly due to the numerous degrees of free-
dom associated with turbulent flows, which
inevitably demands a very large computational
effort. Despite significant increase in the com-
putational power in recent years, it seems un-
likely that, at least for a foreseeable future,
turbulent flows of practical interest can be sim-
ulated in an exact manner such as DNS. There-
fore, modeling is needed to decrease the num-
ber of degrees of freedom such that they can be
resolved numerically with a (preferably) much
less computational effort. The models are gen-
erally derived following a long and complex
mathematical procedure, subject to simplify-
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ing assumptions; thus they must be assessed
against more accurate data. Laboratory mea-
surements can be used to generate the data
for model validation, however, they are mostly
limited to somewhat global and average flow
variables.

An alternative can be provided by DNS
data of simple flows (such as isotropic, homo-
geneous shear and plane strain) whose simu-
lation is feasible with the available computa-
tional resources. Although these simple flows
do not exhibit all the complexities involved in
practical situations, they can be considered as
basic flows locally prevailing in more general
inhomogeneous configurations. Consequently,
model validation in these flows can be con-
sidered as a logical ‘first step’. A relatively
rich database is now available for most of these
flows, and they have already been implemented
by various investigators to validate turbulence
models at different stages (Simonin et al., 1995,
Taulbee et al., 1999, Hyland et al., 1999a).
In recent attempts (Zaichik, 1999, Hyland et
al., 1999a), models, derived from kinetic ap-
proach, for dispersed phase in two-phase tur-
bulent flows have been assessed against LES
results for the homogeneous shear flow. Their
further assessment, against DNS data, in ho-
mogeneous shear and plane strain flows is con-
sidered in this paper.

In the next section we discuss briefly the
DNS methods. Next we discuss the models
proposed by Zaichik (1999) and Reeks (1991,
1992, 1993) and present the model equations
for particle-related statistical properties in the
case of homogeneous plane shear flows. We do
not write the equations for homogeneous shear
flows as they are given in detail by Zaichik
(1999) and Hyland et al. (1999). Finally we
compare the predictions of models equations



against the DNS data.

DNS OF HOMOGENEOUS FLOWS

We consider DNS of homogeneous shear
and plane strain two-phase turbulent flows.
In homogeneous shear ﬂow, the instantaneous
carrier-phase velocity U; (¢ = 1,2,3 denoting
the components of the velocity) is described as

Ui = Senzabin + ui, (1)

where u; is the fluctuating carrier-phase ve-
locity, d;; is the Kroneker delta function and
S = dUy /dzo = constant, with z; and z5 in-
dicating the streamwise and cross-stream flow
directions, respectively. The mean velocity U;
is calculated by Eulerian ensemble averaging
over the number of grid points. In homoge-
neous plane strain flow:

ﬁi = Spsx10;1 — SpsT20i2 + U4, (2)
_ dUl _ dUZ _
Sps = = " dey = constant.  (3)

All the variables are normalized using refer-
ence scales for length (Lg), velocity (Up), and
density (pg). Lo is chosen such that the nor-
malized volume of the simulation box is (27)3,
and the fluid density is used as the scale for
density. Up is found from the box Reynolds
number, Rey = poUpLo/p (p is the fluid vis-
cosity) which is specified based on the grid
resolution adopted in the simulations.

The carrier and dispersed phases are simu-
lated in the Eulerian and Lagrangian frames,
respectively. Let P, X;, and V; denote the
instantaneous fluid pressure, particle position,
and particle velocity, respectively. The gov-
erning equations are described by the instan-
taneous continuity and momentum equations
for the incompressible fluid:

o, _
o 0, (4)
oU; oU:b;) _ 0P 1 &
ot d0x; O0z; Reg0z;0z;
_f < mp(ﬁi* —‘72)
AV Z Tp ’ (5)

along with the Lagrangian equations of motion
for a single particle:

X o Vi fpe gy gL
dt — Vi dt "'Tp(Ui ‘/'L)’ ’B—Tp, (6)

where m,, is the particle mass and superscript
* denotes the fluid property value at particle’s
location. The nondimensional particle time
constant 7, = Regppda/18 where p, and dp
are the particle density and diameter, respec-
tively. The function f = 1+ 0.15Re)%7 in (5)
and (6), represents a correction to the Stokes
drag relation at high particle Reynolds num-
ber (Rep, = Reodp|U; — V;| < 1000). The last
term in (5) describes the effects of the particles
on the fluid (i.e. the two-way coupling). This
Eulerian source/sink term is calculated from
the Lagrangian particles by summing over the
number of the particles, n,, present in the Eu-
lerian cell of volume AV. f is taken equal to
1 in the case of the plane strain flow. The de-
tails of DNS in these homogeneous flows are
given elsewhere (Taulbee et al., 1999, Barré et
al. 2000).

Two different cases (denoted by SM1, SM2)
for homogeneous shear flow are considered and
the values for 7,, number of particles N, in
SM1 and SM2 are (0.5,1x 10%) and (0.5,6.67 x
10%) respectively. One-way coupling is con-
sidered in SM1 and mass loading ratio @&,
(defined as the ratio of the mass of the par-
ticles and the mass of the fluid) is 0.5 for
two-way coupling in SM2. The simulations
are performed using a Fourier spectral method
with 962 collocation points, and p, = 721.8,
Reg = 200 and S, = 2.

For homogeneous plane strain flow, two dif-
ferent cases (denoted by PS1, PS2) are consid-
ered with the values for 7,, N, and initial con-

ditions for §4, 8%, 9% a5 (PS1: 0.112,1.2 x

10°,0.686, —0.739,0) and (PS2: 0.434,1.2 x
10%,0.588,—0.739,0) respectively. The simu-
lations are performed using 160° collocation
points with p, = 721.8, Rey = 536.1, Sps =
0.739. One-way coupling is considered in PS1
and PS2.

The statistical quantities of interest,
namely, particle velocities correlations and
particle-fluid velocities correlations are calcu-
lated, during the simulation, along with the
values of kinetic energy (k =<< uju; >> /2)
and dissipation (e¢) (see Fig. 1) which are
needed to assess different models.  Here
<< >> denotes ensemble average in DNS.
Figure la shows the temporal variations of
<L uiup >>, << wug >>, << uguz >>, €
for SM1 (one-way coupling) and SM2 (two-
way coupling). It can be inferred that the
k and € values are less in SM2 as compared
to SM1 because of the turbulence intensity
dampening when the particles are considered
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in the fluid motion. Since we have considered
only one-way coupling in the plane strain flow,
curves in Fig. 1b are applicable for both PS1
and PS2.

MODELS FOR DISPERSED PHASE

We consider two statistical models derived
in the kinetic or probability density func-
tion (pdf) framework which are proposed
by Zaichik (1999) and Reeks and cowork-
ers (Reeks, 1991, 1992, 1993, Hyland et al.,
1999a).

We use (v,x) to represent phase space vari-
ables corresponding to (\7, X). The equation
for phase space density p(v,x,t) can be writ-
ten, by using Liouville’s theorem and equation
(6), as (Hyland et al., 1999a)

Bp 0 _
s [vzp1+6—vz[ (T: ~wi)p] =0. ()
The ensemble average (denoted by ( )) of (7)
over all realizations gives

oP 0 orl
W + 'a—w—;[’l)zp] + %[E(U'L - ’U,)P] =
0rl
- 8_m[r_p(uip)]’ (8)

which contains unknown correlation term
(uip). Here U; is ensemble average of U; and
u; is fluctuation over U; in the vicinity of par-
ticles along their trajectories. The unknown
term poses the problem of closure.

Whereas Zaichik (1999) solved the closure
problem and obtained the pdf equation using
the functional formalism, Reeks (1991, 1992,
1993) obtained pdf equation by using Kraich-
nan’s Lagrangian History Direct Interaction
Approximation (LHDIA) (Kraichnan, 1965)
and the same equation has recently been de-
rived in functional formalism approach (Hy-
land et al., 1999b). The “fluid” equations for
dispersed phase for homogeneous flows, which
are obtained by various moments of pdf equa-
tion, are given by Zaichik as:

d{v;v;)

i 3V
di —2:3(fu<uzuj) ( ]))

8.’Ek

(vivk) 5~

0o 25 ) (822 - ,.2%)

oU; ov; )

Huu) (b —augt),
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o]
<uz j) = fu(uzu]>+7p(uzuk) (lu agk g;/k)
(10)

Reeks’ equations (Hyland et al. 1999b) in
case of homogeneous flows are written as

d(”§”§'> I V; ;o
FTa —2B(v;v;) — %(@j”k

) + )\kj)
ov;
—a—xZ((’Ugvfc) + Aki) + pij + i (11)

ov;
(U{Ué) =Tp (Nji - )\kia—wljc) . (12)
Here

V,-/Pdv = /viPdv, (13)

(wivy) [ Pav = [0~V (w; -

(uiv; /Pdv = /(uz( - Vj)p)dv  (15)
d

V;)Pdv, (14)

an

L= ,33T3 _ ,32T2 f _ ,BT

vT BT T a1t T BT+
(16)

are obtained by using exponential (with fluid
integral time scale T') form for two-time cor-
relation function (Zaichik, 1999). The ex-
pressions for \j; and pj; are given later in
this section for homogeneous plane strain flow.
Though equation (9) is a simplified version of
equation derived for shear flow (Zaichik, 1999),
we assume the same equation to remain valid
in case of the plane strain flow. The equa-
tions (9)-(11) can be further simplified in case
of homogeneous shear flows and the final equa-
tions are given by Zaichik (1999), Hyland et al.
(1999a) and are not repeated here. We now
present the closed set of equations in case of
homogeneous plane strain flow. In this case
the exact expressions for a—Vl and QYZ as given
by Barré et al. (2000) w1ll be used 1n compu-
tation of models. Zaichik’s equations simplify
to the following:

d(vl v 1% U
(";1;’1) — —2('011)1)(—%—1 + 2(u1u1)(lua 11
~guge) + 2B(fufmm) — (wio),  (17)
HE) — 8 futusus) — (ehoh),  (18)
(uqv) oUy %
('U'lui) - fu + Tp(lu 6 —Ou 81171), (19)



(usvg) = fu(usus), (20)

and equations for (v4v5) and (ugvh) can be ob-
tained by changing subscripts from 1 to 2 in
equations for (v{v]) and (u;v}).

We obtained the closed set of equations, in
Hyland et al. (1999a, 1999b) framework, for
the plane strain case, written as

d(vll'ull> ICAZ! 1ot
A _ 9 _,
a 2(viv) o2, B(viv1)
oV;
—2)‘118_1 + 2p11, (21)
Z1
d{vhv}
< ; ) aBhud) + 2, (22)
1 oV 1
(u1'U'1) = E(“ll — Alla—.’ﬂi)’ ('U'3'U§> = EN33,

(23)
and equations for (v5v5) and (ugvh) can be ob-
tained by changing subscripts from 1 to 2 in
equations for (viv}) and (ujv}).

For the usual exponential form for two-time
correlation function with T = 0.482k/e (Hy-
land et al., 1999a) and initial fluctuating ve-
locity of the particle v} = au;, the required
expressions for \j; and pj; are as follows:

_ g2 (uwiwm) T (A T-1)¢/T _ 4
'\ll_ﬂAl—AZ[AlT—l(e )
T
_ (AsT-1)t/T
g (L= T
Ajt Aat
_ e — €
+aB(urure t/T(ATLl?“)» (24)
o (ww) 1 AT ¢ ar-nyyT
= -1
H =P A1~A2[A1T—1(e )
AT (A2T—1)¢/T
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_ AleAlt _ A2eA2t)
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where
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Ay =17 V; + 4557 27)
Tp
and
2 T —~(BT+1)y/T
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+aB(ugug)e TLHAT), (28)

1
For 7, < 5.,

Aog = B2 (ugua) [ T

Ci-Glor—1 (e T=0uT 1)
1 — L2 1L —

+02C1?— - (1 _ e(CzT—l)t/T)]

(eclt _ eCzt)

—t/T
+aB(ugus)e o =G

(29)

_ a2 (ugug) CiT (C1T-1)t/T _
“22_ﬂ01—02[01T—1(6 1)
G,T _ (CoT—1)¢/T
Yo -1 (1-e )]
C Cit __ C. eCzt
+a6(uzuz)e_t/T( 1801 — C’z ), (30)
where <
o= VI gy
271y
Cy = —1—,/1—43,,57,,. (32)
27y
For 7, = 45},@3
1-— e-—-tP te—-tP
AQQ = ﬁ2<'u,2’ll,2) l: P2 - P :l
+aB(ugug)e " Tte=Pt/2, (33)

1—etP
p2o = B (ugus) [T +

+§—f;§ (tPe_tP +etP 1)]

+aB(uguz)e T [e_ﬂt/2 - %e‘ﬂtﬂ], (34)

where BT +2
P = o (35)

1
For 7, > 15,

N _ﬁz(uwz)[ w

(1 - cos(wt)e_Pt)

w P2 4 2

_—P?i—uﬂ sin(wt)e—Pt]
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X [cos(wt)e“g“‘/2 - %e_ﬂtﬁ sin(wt)], (37)

where
w = 0.584/4SpsTp — 1. (38)

COMPARISONS WITH DNS

First order differential equations for (vjv}),
as given by the models, are solved using the
Runge-Kutta numerical method for the known
DNS statistics ((uiu;) =<< uju; >>) for the
carrier phase with ¢ = 1. Data presented in
Fig. 1 are used to compute T' = 0.482k/e for
different cases, namely, SM1, SM2, PS1 and
PS2. Calculation of (u;v;) is straightforward
due to the algebraic structure of the models
equations. In Figs. 2 and 3, DNS data for <<
vjv; >> and << uv; >> are compared with
the models predictions for (vjv;) and (u;v}).

For homogeneous shear case, f is re-
placed by its ensemble average value (f) =

0.687
1+ 015 Reodpy/(uius) + (vjol) — 2(uiv})]
which is calculated by using DNS data at dis-
crete times. Figure 2 shows the temporal vari-
ations for (vjv}) (Fig. 2a,b) and (u;v}) (Fig.
2¢,d) vs. Sgut and shows the effects of two-
way coupling. Zaichik model and Reeks model
predictions are in good agreement with DNS
data for S;pt >~ 3 and for Sgpt <~ 3 dif-
ferences in models predictions are observed.
These differences are mainly because Zaichik
model equations do not depend on a i.e. ini-
tial conditions for the particles velocity.

Figure 3 shows the temporal variations for
(vivj) (Fig. 3a,b) and (u;v}) (Fig. 3c,d) vs.
Spst and shows the effects due to different val-
ues for 7, . The predictions, except for (vyv3),
(ugh), are in good agreement for small value
of 7, = 0.112 (Fig. 3a,c). For large value
of 7, = 0.434 (Fig. 3b,d), Reeks model be-
havior is closer to DNS and properly captures
the trend of d_<53’2t£§_>_2 as compared to Zaichik
model which does not include the effects of a.

CONCLUSIONS

Two different models, proposed by Zaichik
and Reeks, for the dispersed phase are as-
sessed against our DNS data in case of ho-
mogeneous shear and plane strain flows after
deriving the equations for the case of plane
strain flow. The models predictions have been
found in good agreement with DNS data in
homogeneous shear flows having particles with
7p = 0.5 for both the cases of one-way and two-
way coupling. In the plane strain flow cases,
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though the models predictions are in error for
large value of 7, = 0.434, Reeks and coworkers

model has been found to capture the trend of
d<<vc’lztv’2>>
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Figure 2: Comparison of models predictions with DNS data for homogeneous shear flow.
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Figure 3: Comparison of models predictions and DNS data for homogeneous plane strain flow.
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