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ABSTRACT

Wall models based on turbulent boundary-
layer equations and their simpler variants are
employed in the LES of turbulent flows past an
asymmetric trailing-edge. It is demonstrated
that, as first noted by Cabot and Moin (2000),
when a RANS type eddy viscosity is used in the
wall-layer equations with nonlinear convective
terms, its value must be reduced to account
for only the unresolved part of the Reynolds
stress. A dynamically adjusted mixing-length
eddy viscosity is used in the boundary-layer
equation model, which is shown to be con-
siderably more accurate than the simpler wall
models based on the instantaneous log law.
This method predicts low-order velocity statis-
tics in good agreement with those from full
LES with resolved wall-layers. The unsteady
separation near the trailing-edge is captured
correctly, and the prediction of surface pres-
sure fluctuations also shows promise.

INTRODUCTION

Large-eddy simulation (LES) of wall-
bounded flows becomes prohibitively expen-
sive at high Reynolds numbers if one attempts
to resolve the small but dynamically impor-
tant vortical structures in the near-wall region.
The number of grid points required scales as
the square of the friction Reynolds number
(Baggett et al., 1997), which is nearly the same
as for direct numerical simulation. To circum-
vent the severe near-wall resolution require-
ment, LES can be combined with a wall-layer
model. In this approach, LES is conducted
on a relatively coarse grid designed to resolve
the desired outer flow scales. The dynamic
effects of the energy-containing eddies in the
wall layer (viscous and buffer regions) are de-
termined from a wall model calculation, which
provides to the outer flow LES a set of approx-
imate boundary conditions, often in the form
of wall shear-stresses.

The simplest wall stress models are anal-
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ogous to the wall functions commonly used
in Reynolds-averaged Navier-Stokes (RANS)
approaches. They provide an algebraic rela-
tionship between the instantaneous local wall
stresses and the tangential velocities at the
first off-wall velocity nodes (see, for example,
Schumann, 1975; Grotzbach, 1987; Piomelli et
al., 1989). In essence, these algebraic models
all imply the logarithmic law of the wall for
the mean velocity, which is not valid in many
complex flows. To incorporate more physics
into the model, wall models based on bound-
ary layer approximations have been proposed
in recent years (Balaras et al., 1996; Cabot and
Moin, 2000). Turbulent boundary-layer (TBL)
equations are solved numerically on an embed-
ded near-wall mesh to compute the wall stress.
The turbulent eddy viscosity is modeled by a
RANS type model, such as the mixing-length
model with wall damping. Reasonable suc-
cess has been achieved in predicting attached
flows and flows with fixed separation points,
such as the backward facing step flow. Cabot
and Moin (2000) found that, in the case of the
backward facing step, improved solutions were
obtained when the mixing-length eddy viscos-
ity was lowered from the standard RANS value.
A dynamic procedure was suggested to deter-
mine the suitable model coefficient.

The present work is concerned with the use
of wall models in the LES of complex turbu-
lent flows with strong favorable/adverse pres-
sure gradients and incipient separation. Wall
models based on TBL equations (Cabot and
Moin, 2000) and their simpler variants are
employed and extended to carry out LES of
turbulent boundary layer flows past an asym-
metric trailing-edge. The results are compared
with those from the full LES with resolved
wall-layers (Wang and Moin, 2000) and the ex-
perimental measurements of Blake (1975). In
particular, we are interested in determining the
predictive capabilities of this hybrid LES/wall-
modeling approach for flow separation, surface
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Figure 1: Boundary-layer flow past a trailing-edge. The
contours (-0.081 to 1.207 with increment 0.068) represent
the mean streamwise velocity normalized by the free-stream
value (from Wang and Moin, 2000).

pressure fluctuations, and aerodynamic noise.

The flow configuration is shown in Fig. 1,
which depicts contours of the mean stream-
wise velocity from the full LES of Wang and
Moin (2000). The chord Reynolds number
is 2.15 x 108, and the trailing-edge tip-angle
is 25 degrees. In the numerical simulation,
only the aft section (approximately 38% chord)
of the model airfoil and the near wake are
included in the computational domain, and
the inlet Reynolds numbers based on the lo-
cal momentum thickness and boundary-layer
edge velocity are 2760 on the lower side and
3380 on the upper side. These values, ob-
tained from an auxiliary RANS calculation, are
used to emulate the experimental conditions at
the LES inflow station, although some ques-
tions remain concerning their fidelity (Wang
and Moin, 2000).

SIMULATION METHOD

The same energy-conserving finite differ-
ence scheme with dynamic subgrid-scale (SGS)
stress model used for the wall-resolved LES
(Wang and Moin, 2000) is employed. The com-
putational domain is also identical to that of
the full LES. It is of size 16.5h, 41h, and 0.5h,
where h denotes the airfoil thickness in the
streamwise (z;), wall-normal (z2 or y), and
spanwise (z3) directions, respectively. The grid
is coarsened to 768 x 64 x 24, which is 1/6 of
the original number of points. The first off-
wall velocity nodes (on staggered mesh) are
located at the lower edge of the logarithmic
layer (z3 ~ 60 for uy and x5 ~ 30 for u; and
ug) near the computational inlet. The new grid
is chosen to resolve the desired flow scales in
the outer layer and is thus not strongly de-
pendent on the Reynolds number. The total
reduction in CPU time, due to both the smaller
number of grid points and larger time steps, is
over 90% compared to the full LES.

Since the simulation does not resolve the
viscous sublayer, approximate wall boundary
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conditions are needed. They are imposed in
terms of wall shear stress components 7,; (2 =
1,3) determined from wall models of the form
(Balaras et al., 1996; Cabot and Moin, 2000)
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The eddy viscosity v; is obtained from a RANS
type mixing-length eddy viscosity model with
near-wall damping (Cabot and Moin, 2000):
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where y! = y,u, /v is the distance to the wall
in wall units (based on the local instantaneous
friction velocity u,), & is the model coefficient,
and A = 19. The pressure in (2) is assumed
z9-independent, equal to the value from the
outer-flow LES solution. Egs. (1) and (2) are
required to satisfy no-slip conditions on the
wall and match the outer layer solutions at the
first off-wall LES velocity nodes: u; = ug; at
o = (5

Two simpler variants of the above wall
model, with F; = 0 and F; = %69%, are called
equilibrium stress balance models (without and
with pressure gradient). They are particularly
easy to implement since (1) can be integrated
to give a closed-form expression for 7,,; (Wang,
1999). If F; = 0, the model implies the loga-
rithmic law of the wall for the instantaneous
velocities for 67 > 1, and linear velocity dis-
tributions for 6t < 1.

In the general case, however, the bound-
ary layer equations (1)-(3) have to be solved
numerically to obtain u; and us, and hence
Twi and T7,3. They are integrated in time
along with the outer flow LES equations, us-
ing the same numerical scheme (fractional
step in combination with the Crank-Nicolson
method for the diffusion term and third or-
der Runge-Kutta scheme for convective terms).
The wall-normal velocity component us is de-
termined from the divergence-free constraint.
Note that no pressure Poisson equation is re-
quired since pressure is assumed constant in
the wall-normal direction. The grid for wall
layer computation coincides with the LES grid
in the wall-parallel directions. In the direction
normal to the wall, 32 points are distributed
uniformly between the airfoil surface and the
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Figure 2: Distribution of the mean skin friction coeffi-
cient computed using LES with wall models glven by (1).
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and dynamic k; -------- full LES (no wall model).

first off-wall velocity nodes for LES, with res-
olution of Az = 1 near the inlet. The com-
putational cost for solving the boundary layer
equations is insignificant compared with that
for the outer layer LES because (1) there is no
need to solve the zo-momentum equation and
the pressure Poisson equation, and (2), more
importantly, the equations are solved in locally
orthogonal coordinates instead of the general
curvilinear coordinates used for the LES.

RESULTS AND DISCUSSION

Stress balance model

A good indicator of wall model performance
is the prediction of the mean skin friction co-
efficient, which is shown in Fig. 2. The sim-

ple stress balance models, with F; = 0 and
F; = ’1)5:02 (dashed and chain-dashed lines re-

spectively) and kK = 0.4 (the von Kédrman con-
stant), predict well the skin friction coefficient
C on the lower surface (lower curves) and the
flat section of the upper surface (upper curves).
As the upper boundary-layer flow enters the re-
gion of strong favorable pressure gradient, the
model with pressure gradient predicts better
the qualitative behavior of Cy, including the
peak location and the discontinuous slope at
the peak, which corresponds to the intersec-
tion of the flat surface with the curved one
(hence a discontinuity in surface curvature).
Significant deviation between both model pre-
dictions and the full LES solution (dotted line)
occurs downstream of the Cy peak, where the
flow undergoes a favorable-to-adverse pressure
gradient transition, suggesting that terms not
included in the model, such as the convective
terms, are important. It is worth noting that
the separated region with negative Cy is pre-
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dicted reasonably well by both stress balance
models, because the near-wall layer is much
thicker and hence resolved despite the coarse
LES grid.

TBL equation model: the effect of model
coefficient

The skin friction coefficient computed using
the full TBL equations (1)-(3) and the stan-
dard von Kédrmén constant x = 0.4 is plotted in
Fig. 2 as the chain-dotted lines. It shows better
qualitative trend than the stress balance model
predictions. However, the magnitude is over-
predicted in most regions, particularly on the
flat surface, by up to 20%. This overprediction
can be best explained as follows: If the stream-
wise component of (1) and (2) is integrated
from the wall to y = é and then time-averaged,
one obtains
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Note that to facilitate the analysis, 14 has been
treated as constant in the time-averaging as a
first approximation. The first term in the curly
brackets represents the wall shear stress from
an equilibrium stress balance model without
pressure gradient. The second term accounts
for the mean pressure gradient effect, which
contributes positively (negatively) to the wall
shear stress under favorable (adverse) pressure
gradient. The contribution from the nonlin-
ear convective terms, represented by the last
term in the brackets, can be easily shown to
be positive in the case of a flat plate boundary
layer. Hence, the inclusion of the nonlinear
terms in the wall model equation increases the
wall stress, causing the overprediction shown
in Fig. 2 if contributions from other terms in
(4) are not altered. To offset this increase, the
only option is to reduce the turbulent eddy vis-
cosity v; and hence the multiplication factor
before the curly brackets in (4).

The physical explanation for requiring lower
ut, as pointed out by Cabot and Moin (2000), is
the fact that the Reynolds stress carried by the
nonlinear terms in the boundary layer equa-
tions is significant. Hence, instead of modeling
the total stress as in typical RANS calcula-
tions, the eddy-viscosity model is expected to
account for only the unresolved part of the
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Figure 3: Dynamic k for the mixing-length eddy vis-
cosity model at three time instants. upper side;
——=-— lower side.

Reynolds stress. Cabot and Moin (2000) sug-
gested to compute the model coefficient dy-
namically by matching the stresses between the
inner layer (wall model) and outer layer (LES)
solutions. In the present calculation, the re-
solved portions of the nonlinear stresses from
the inner and outer layer calculations are the
same. To match the unresolved portions of the
stresses approximately, we equate the mixing-
length eddy viscosity to the SGS eddy viscosity
at the matching points, (1) = (vsgs), from
which the model coefficient « is extracted us-
ing (3). The averaging denoted by the angular
brackets is performed in the spanwise direction
as well as over the previous 150 time steps to
obtain reasonably smooth data. One difficulty
with this method is that v, is poorly behaved
at the first off-wall velocity nodes because the
velocities at the wall are not well defined (we
used slip velocities extrapolated from the in-
terior nodes to compute the strain rate tensor
and v,gs). As a practical matter, the matching
points are moved to the second layer of velocity
nodes from the wall instead.

The dynamically computed k at three time
instants is exemplified in Fig. 3, where the
solid lines represent those on the upper side
and dashed lines on the lower side. They
are found to be only a small fraction of the
standard value of 0.4. This figure indicates
that on average, on the flat surfaces, only less
than 20% of the Reynolds stress is modeled
by the mixing-length eddy viscosity. The rest
is directly accounted for by the the nonlinear
terms in the wall layer equations. By using
the reduced, variable model coefficient x, the
computed skin friction coefficient is much im-
proved, as demonstrated by the solid line in
Fig. 2. This dynamic modeling approach gives
the best overall agreement with the results of
the resolved LES compared with other wall
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models tested. This is true not only for the
skin friction but also for other statistical quan-
tities as well. Henceforth, only the solutions
based on TBL equations with dynamic model
coefficient will be presented.

Comparisons with full LES solutions

A comparison of the mean velocity predic-
tions using LES with wall modeling and those
from the full LES (Wang and Moin, 2000) is
shown in Fig. 4. The velocity magnitude, de-
fined as U = (U? + U2)'/? and normalized
by its value U, at the boundary-layer edge,
is plotted as a function of the vertical dis-
tance to the upper surface, at (from left to
right) z;/h = —3.125, —2.125, —1.625, —1.125,
—0.625, and 0 (trailing-edge). With the ex-
ception of the trailing-edge point, these lo-
cations correspond to the measurement sta-
tions in Blake’s (1975) experiment. The pro-
files obtained with wall modeling (solid lines)
agree extremely well with the full LES pro-
files (dashed lines) at all stations, including
those in the separated region which starts at
z1/h = —1.125. The agreement between both
computational solutions and the experimen-
tal data is also reasonable, and the potential
reasons for the observed discrepancies are dis-
cussed in Wang and Moin (2000).

Fig. 5 depicts the profiles of the rms stream-
wise velocity fluctuations at (from left to right)
z1/h = —4.625, —-2.125, —1.625, —1.125,
—0.625, and 0. Again, very good agreement be-
tween the present solutions and those of the full
LES is observed, with the notable exception at
z1/h = —1.125, where the wall model solution
agrees (perhaps fortuitously) better with the
experiment.

In Fig. 6 the mean streamwise velocity
profiles (normalized by free-stream velocity
Us) are compared at select near-wake stations
z1/h =0, 0.5, 1.0, 2.0, and 4.0. The solid lines
are obtained from the present simulation, and
the dashed lines are from the full LES. The
corresponding rms streamwise velocity fluctu-
ations are depicted in Fig. 7. The agreements
between the LES solutions with and without
wall modeling are good near the trailing-edge
and deteriorate gradually in the downstream
direction. This is caused by the much reduced
grid resolution in the case of LES with wall
modeling. The grid has been coarsened by the
same factor in the wake as in the wall bounded
region, even though the wall model does not
play a role there. Apparently, this has caused
insufficient grid resolution, particularly in the
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Figure 4: Profiles of the normalized mean velocity magni-
tude as a function of vertical distance to the upper surface, at
(from left to right) =, /h = —3.125, —2.125, —1.625, —1.125,
—0.625, and 0 (trailing-edge). LES with wall model;
——=-—= full LES; e Blake’s experiment.
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Figure 5: Profiles of the rms streamwise velocity fluctuations
as a function of vertical distance to the upper surface, at
(from left to right) z1 /h = —4.625, —2.125, —1.625, —1.125,
—0.625, and 0 (trailing-edge). LES with wall model;
———— full LES; e Blake’s experiment.

streamwise and spanwise directions.

Of particular interest in aeronautical and
naval applications is the predictive capability
of LES with wall modeling for surface pressure
fluctuations. A preliminary assessment is given
in Fig. 8, which depicts the frequency spec-
tra of the unsteady surface pressure at select
stations in the favorable (Fig. 8a) and adverse
(Fig. 8b) pressure gradient regions, at the sepa-
ration point (Fig. 8c), and inside the separated
region (Fig. 8d). The variable g used in the
normalization is the dynamic pressure, defined
as pUZ /2. Relative to Blake’s experimental
data, the pressure spectra from the simulation
employing the wall model are of comparable
accuracy as those from the full LES, although
the resolvable frequency ranges are narrower
due to the coarser grid. However, relative to
the full LES spectra, the spectral levels are
somewhat overpredicted. This phenomenon
has also been observed previously in channel
flow LES with wall models. The discrepancies
may be attributable to the approximation of
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Figure 6: Profiles of the normalized mean streamwise veloc-
ity in the wake, at (from left to right) =;/h = 0, 0.5, 1.0,
2.0, and 4.0. LES with wall model; ———- full LES.
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Figure 7: Profiles of the rms streamwise velocity fluctuations

in the wake, at (from left to right) z1/h = 0, 0.5, 1.0, 2.0,
and 4.0. LES with wall model; ———- full LES.

wall pressure by the cell-centered values ad-
jacent to the wall and the fact that in the
present LES formulation the “pressure” actu-
ally contains the subgrid-scale kinetic energy.
The latter is negligibly small at the first off-
wall pressure node if the wall layer is resolved
but may not be negligible in the present case
because of the coarse mesh. This issue needs
to be examined in future studies.

CONCLUSIONS

In summary, we have examined the efficacy
of LES with wall modeling for complex wall-
bounded flows by considering turbulent bound-
ary layer flows past an asymmetric trailing-
edge. It is demonstrated that when a RANS
type eddy viscosity is used in wall-layer equa-
tions that contain nonlinear convective terms,
its value must be reduced to account for only
the unresolved part of the Reynolds stress.
This is important for all flows, particularly
attached flows. A dynamically adjusted wall-
model eddy viscosity is employed in the TBL
equation model, which is shown to be consid-
erably more accurate than the simpler alge-
braic models based on the instantaneous log
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Figure 8: Frequency spectra of pressure fluctuations on the
upper surface at x /h = (a) —3.125, (b) —1.625, (c) —1.125,
and (d) —0.625. full
LES; e Blake’s experiment.

law. This modeling approach predicts low-
order velocity statistics in very good agreement
with those from the full LES, at a small frac-
tion of the original computational cost. In
particular, the unsteady separation near the
trailing-edge is captured correctly, and the sur-
face pressure spectra also appear promising.
The effect of wall-modeling on the predictions
of surface pressure fluctuations and acoustic
radiation will be examined and quantified in
future investigations.
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